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Abstract: Decision-making often involves uncertainty, requiring precise methodologies to ensure 

accuracy and reliability. This paper presents an intuitionistic fuzzy trapezoidal preference relation 

(IFTrPR)-based decision-making framework that integrates multiplicative consistency for improved 

priority weight assessment. The proposed approach determines intuitionistic fuzzy trapezoidal priority 

weight vectors and ranks alternatives using the technique for order preference by similarity to the ideal 

solution (TOPSIS). To enhance the consistency of priority weights, a Linear Decision Model (LDM) is 

employed, effectively capturing decision-makers’ perceptions. Additionally, Model 1 is introduced to 

compute priority weights based on intuitionistic fuzzy trapezoidal numbers (IFTNs) across various 

alternatives. The integration of fuzzy logic and optimization techniques strengthens the framework’s 

ability to handle complex decision-making problems. A comparative analysis with hierarchical fuzzy 

systems (HFS) demonstrates that the proposed method enhances accuracy and reliability in priority 

weight assessment. Furthermore, the study provides a systematic approach to handling linguistic 

variables in decision-making, particularly in the representation of membership (MS) and non-

membership.  

 

Keywords: Intuitionistic Fuzzy Trapezoidal Preference Relation (IFTrPR); Linear Decision Model 

(LDM); Multiplicative Consistency; Decision-Making; Priority Weights; Fuzzy Logic. 

 

1. Introduction 

     In recent decades, many decision making problems emerging under conditions of uncertainty and 

imprecision have been studied as such problems can be seen to be of relevance in engineering economics and 

Hence, out of the many theories that have emerged to tackle such problems, theories dealing with the fuzzy 

set theory[1] even its relative, intuitionistic fuzzy sets (IFS) [2,3,4] say as well as trapezoidal fuzzy sets (TrFS) 

can be considered to be very efficient. Among all the approaches created to overcome these issues, one of the 

most effective techniques is FS theory together with its extended versions including IFS [17,18] and TrFS.These 

problems that include both membership and non-membership degree frameworks are integrated into these 

structured systems to cope with different degrees of uncertainty, and vagueness prevailing in decision making 

processes. Intuitionistic fuzzy trapezoidal preference relations (IFTrPR)[14,22] extend trapezoidal fuzzy 

preference relations (TrFPR) by using positive and negative degrees of the IFS and encompassing all the 

advantages of separability and flexibility of the trapezoidal membership functions. Used to solve this gree 

frameworks are implemented into these structured systems in order to accommodate for these different 
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degrees of uncertainty and vagueness present throughout the decision making process. IFTrPR generalized 

TrFPR using both positive and negative degrees of IFS while at same time apply the advantage of the flexibility 

of trapezoidal membership functions.aches developed to address these problems, fuzzy set theory and its 

extensions, such as IFS and TrFS, have emerged as powerful tools. These frameworks suggest how membership 

as well as non-membership degrees can be introduced into the decision making procedures systematically and 

hence, imitating a more precise ambiguity and vagueness. 

    The IFTrPR can be defined as an extension of the TrFPR, which took benefits of the IFS and the flexibility 

of membership functions in trapezoidal shape. Out of the many approaches evolved to handle these problems, 

fuzzy set theory and even its relative, viz.IFS as well as TrFS are found to be very effective management. 

Among the many approaches developed to address these problems, FS theory and its extensions, such as IFS 

and TrFS, have emerged as powerful tools. Both membership and non-membership degree frameworks are 

implemented into these structured systems in order to accommodate for these different degrees of uncertainty 

and vagueness present throughout the decision making process.IFTrPR generalize TrFPR using both positive 

and negative degrees of IFS while at same time apply the advantage of the flexibility of trapezoidal 

membership functions. Approaches developed to address these problems, FS theory and its extensions, such 

as IFS and TrFS, emerged like powerful resource. These frameworks provide a structured way to incorporate 

both membership, non-membership degrees, thus capturing more nuanced uncertainty and ambiguity in 

decision-making processes. 

    IFTPR [14,30] are an extension of TrFPR combining the advantages of IFS with the flexibility of trapezoidal 

membership functions. The employment of IFTPRs provide a more enriched representation over the 

preferences of the expert such that it can handle a case where the decision makers give probabilities along with 

their preferences. The subject may therefore benefit from developing systematic approaches to solving 

decision-making problems employing IFTPRs to form a research agenda. 

Among the stock of approaches to address DM problems, one of the most widely used technique for the Order 

preference by Similarity to Ideal Solution (TOPSIS). Therefore, in this paper, an attempt is made to applied 

IFTPRs within the TOPSIS framework to handle MCDM problems in which preference information is in terms 

of IFTrN[26]. TOPSIS[29] enables an easy determination of the ranking of the options nearer the plus ideal 

solution than the minus ideal solution. 

   In addition to this TOPSIS[7,9] based methodology, this research explores other processes on how 

determine priority weight vectors of decision criteria as IFTPRs. The least deviation model and another model, 

another model (1), use the least two kinds of strategies. The least deviation model ensures that the forced 

preference relations are not far from the required preference structure and yet the experts’ judgments are as 

close as possible. On the other hand, Model 1 proposes a new concept of setting the priority weights that make 

the decision making framework robust. 

  

2. Intuitionistic fuzzy preference relation 
Definition 2.1 Intuitionistic fuzzy preference relation: An IFPR [10, 16, 18, 22, 30] P on X is defined as the 

following IF judgment matrix L = (lpq)n×n ⊂ X × X, where Lpq = (χpq , ψpq), and Lpq is an IFV. Here, χpq is 

the certainty degree to which alternative xp is preferred to alternative xq, and ψpq is the certainty degree to 

which alternative xp is not preferred to alternative xq:  

 0 ≤ 𝜒𝑝𝑞 + 𝜓𝑝𝑞 ≤ 1,    𝜒𝑝𝑞 = 𝜓𝑝𝑞 ,    𝑝, 𝑞 = 1,2, . . . , 𝑛.     (1) 
2.1. Consistency of Intuitionistic Fuzzy Preference Relation 

 This section introduces the order consistency of Intuitionistic Fuzzy Preference Relations (IFPR). Furthermore, 

some other characteristics of multiplicatively consistent IFPRs are also discussed. 

Definition 2.2 An IFPR 𝐿 = (𝑙𝑝𝑞)𝑛×𝑛  with 𝑙𝑝𝑞 = (𝜒𝑝𝑞 , 𝜓𝑝𝑞) is said to be an order-consistent IFPR if it satisfies 

𝑀𝑝𝑠 ≥ 𝑙𝑝𝑡 for all 𝑝 = 1,2, . . . , 𝑛. 

Each element (𝜒, 𝜓) satisfies the conditions of intuitionistic fuzzy sets, ensuring:  

 𝜒 + 𝜓 ≤ 1. (2) 

According to IFPR 𝐿, the following properties hold: 
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1. 𝑙𝑝𝑝 = (0.5,0.5) for all 𝑝 ∈ {1,2,3,4}.  

2. The membership degree 𝜒 satisfies:  
 𝜒𝑝4 ≤ 𝜒𝑝3 ≤ 𝜒𝑝2 ≤ 𝜒𝑝1. 

From this, the ranking indicated by IFPR 𝐿 is:  
 𝑥1 ≻ 𝑥2 ≻ 𝑥3 ≻ 𝑥4  

Definition 2.3 An IFPR 𝐿 = (𝑙𝑝𝑞)𝑛×𝑛 is said to be multiplicatively consistent if it satisfies the following multiplicative 

transitivity conditions:  

 𝜒𝑝𝑞𝜒𝑞𝑟𝜒𝑟𝑝 = 𝜒𝑝𝑟𝜒𝑟𝑞𝜒𝑞𝑝 ,    ∀𝑝, 𝑞, 𝑟 = 1,2, … , 𝑛. (3) 

  

 𝜓𝑝𝑞𝜓𝑞𝑟𝜓𝑟𝑝 = 𝜓𝑝𝑟𝜓𝑟𝑞𝜓𝑞𝑝,    ∀𝑝, 𝑞, 𝑟 = 1,2, … , 𝑛. (4) 

2.1.1. Operations on IFNs 

Let IFNs be (𝜒1, 𝜓1) and (𝜒2, 𝜓2). The hesitation degree is 𝜋 = 1 − 𝜒 − 𝜓 . The operations are defined as 

follows: 

     • Addition:  
 (𝜒1, 𝜓1) + (𝜒2, 𝜓2) = (min(𝜒1 + 𝜒2, 1),max(𝜓1 + 𝜓2 − 1,0)). 

    • Subtraction:  
 (𝜒1, 𝜓1) − (𝜒2, 𝜓2) = (max(𝜒1 − 𝜒2, 0), max(𝜓1 − 𝜓2, 0)). 

    • Multiplication:  
 (𝜒1, 𝜓1) ⋅ (𝜒2, 𝜓2) = (𝜒1 ⋅ 𝜒2, 𝜓1 + 𝜓2 −𝜓1 ⋅ 𝜓2). 

    • Division:  

 
(𝜒1,𝜓1)

(𝜒2,𝜓2)
= (

𝜒1

𝜒2
,
𝜓1

1−𝜓2
) ,    for𝜒2 > 0,𝜓2 < 1. 

    • Scalar Multiplication:  

 𝑘 ⋅ (𝜒1, 𝜓1) = {

(min(𝑘 ⋅ 𝜒1, 1),max(1 − 𝑘 ⋅ (1 − 𝜓1),0)), 𝑘 > 0

(0,1), 𝑘 = 0

Undefined, 𝑘 < 0

 

    • Scalar Division:  

 
(𝜒1,𝜓1)

𝑘
= (min(𝜒1/𝑘, 1),max(𝜓1/𝑘, 0)),    for𝑘 > 0. 

  
3. Trapezoidal Fuzzy Preference Relation 

Definition 3.1 A Trapezoidal Fuzzy Preference Relation (TrFPR) generalizes classical preference relations. TrFPR can 

be defined as follows: 

Let 𝐿𝑝𝑞 = (𝑙𝑝𝑞)𝑛×𝑛  be a preference matrix, where 𝐿𝑝𝑞 = (𝑙𝑝𝑞1, 𝑙𝑝𝑞2, 𝑙𝑝𝑞3, 𝑙𝑝𝑞4)  is a Trapezoidal Fuzzy 

Preference Number (TFPN):  

 
1

9
≤ 𝑙𝑝𝑞1 ≤ 𝑙𝑝𝑞2 ≤ 𝑙𝑝𝑞3 ≤ 𝑙𝑝𝑞4 ≤ 9,    ∀𝑝, 𝑞 = 1,2, … , 𝑛. (5) 

 Definition 3.2 A Trapezoidal Fuzzy Number (TrFN) is characterized by four parameters:  

 �̃� = (𝑎, 𝑏, 𝑐, 𝑑) 
where:   

    • 𝑎 and 𝑑 are the lower and upper bounds.  

    • 𝑏 and 𝑐 define the core where membership is 1.  

3.1. Membership Function of Trapezoidal Fuzzy Number 

The MS function 𝜒𝐴(𝑥) of TrFN �̃� = (𝑎, 𝑏, 𝑐, 𝑑) is defined as:  

 𝜒𝐴(𝑥) =

{
 
 

 
 
0, 𝑥 < 𝑎
𝑥−𝑎

𝑏−𝑎
, 𝑎 ≤ 𝑥 < 𝑏

1, 𝑏 ≤ 𝑥 ≤ 𝑐
𝑑−𝑥

𝑑−𝑐
, 𝑐 < 𝑥 ≤ 𝑑

0, 𝑥 > 𝑑

 

 

1.  Support: Fuzzy set �̃� has support equal to the interval [𝑎, 𝑑] where in the membership function is greater 
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than zero. 

2.  Core: The main body of �̃� is the interval [𝑏, 𝑐], at which the MS degree is equal to 1.  

3.  Interpretation: The interval [𝑏, 𝑐] defines the most possible values for the given FN; the intervals of [𝑎, 𝑏] 

and [𝑐, 𝑑] define the diminishing of MS degree down to the support borders.  

3.2. Properties of Trapezoidal Numbers 

A TrFN is represented as 𝑇 = (𝑎, 𝑏, 𝑐, 𝑑), where:   

    • 𝑎 and 𝑑 are the lower and upper bounds, respectively.  

    • 𝑏 and 𝑐 are the core bounds, where 𝑎 ≤ 𝑏 ≤ 𝑐 ≤ 𝑑. 

 
Figure 1. Trapezoidal fuzzy numbers 

    

Given two trapezoidal numbers 𝑇1 = (𝑎1, 𝑏1, 𝑐1, 𝑑1)  and 𝑇2 = (𝑎2, 𝑏2, 𝑐2, 𝑑2) , the operations are defined as 

follows: 

 1. Sum 

  
 𝑇1 + 𝑇2 = (𝑎1 + 𝑎2, 𝑏1 + 𝑏2, 𝑐1 + 𝑐2, 𝑑1 + 𝑑2) 

2. Difference 

  
 𝑇1 − 𝑇2 = (𝑎1 − 𝑑2, 𝑏1 − 𝑐2, 𝑐1 − 𝑏2, 𝑑1 − 𝑎2) 

3. Multiplication 

  
 𝑇1 ⋅ 𝑇2 = (min(𝑎1𝑎2, 𝑎1𝑑2, 𝑑1𝑎2, 𝑑1𝑑2), 𝑏1𝑏2, 𝑐1𝑐2, max(𝑎1𝑎2, 𝑎1𝑑2, 𝑑1𝑎2, 𝑑1𝑑2)) 

4. Quotient (Division) 

  

 𝑇1 ÷ 𝑇2 = (min (
𝑎1

𝑑2
,
𝑎1

𝑎2
,
𝑑1

𝑑2
,
𝑑1

𝑎2
) ,

𝑏1

𝑏2
,
𝑐1

𝑐2
, max (

𝑎1

𝑑2
,
𝑎1

𝑎2
,
𝑑1

𝑑2
,
𝑑1

𝑎2
)) 

where 𝑎2, 𝑏2, 𝑐2, 𝑑2 ≠ 0. 

5. Scalar Multiplication 

 For a scalar 𝑘 ≥ 0,  
  𝑘 ⋅ 𝑇1 = (𝑘𝑎1, 𝑘𝑏1, 𝑘𝑐1, 𝑘𝑑1) 
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If 𝑘 < 0,  

 
 𝑘 ⋅ 𝑇1 = (𝑘𝑑1, 𝑘𝑐1, 𝑘𝑏1, 𝑘𝑎1) 

6. Power Rule 

 For a positive integer 𝑛,  
 𝑇1

𝑛 = (𝑎1
𝑛, 𝑏1

𝑛, 𝑐1
𝑛 , 𝑑1

𝑛) 

For a negative integer 𝑛,  

 𝑇1
𝑛 = (

1

𝑑1
𝑛 ,

1

𝑐1
𝑛 ,

1

𝑏1
𝑛 ,

1

𝑎1
𝑛) 

3.3. Arithmetic Operations on Trapezoidal Fuzzy Numbers 

 Basic arithmetic operations can be defined on TrFN, which is useful in fuzzy decision-making and preference 

aggregation. 

  

1.  Addition: Given �̃� = (𝑎1, 𝑏1, 𝑐1, 𝑑1) and �̃� = (𝑎2, 𝑏2, 𝑐2, 𝑑2), the addition of two TrFNs is:  

 �̃� + �̃� = (𝑎1 + 𝑎2, 𝑏1 + 𝑏2, 𝑐1 + 𝑐2, 𝑑1 + 𝑑2) 
 

2.  Multiplication (by Scalar): If 𝜆 is a positive scalar, then for �̃� = (𝑎, 𝑏, 𝑐, 𝑑),  

 𝜆 ⋅ �̃� = (𝜆𝑎, 𝜆𝑏, 𝜆𝑐, 𝜆𝑑) 
3.  Approximate Multiplication: Multiplying two TrFNs can be complex, but approximate methods are 

sometimes used, particularly in applications like decision-making.  

TrFNs are widely applied in scenarios where uncertainty is bounded and the range of values within the “core” 

is specified. Their trapezoidal shape is easy to work with, making them popular in FS theory and FPRs. 

Definition 3.4 Assume that �̃� = (𝑎𝑝𝑞)𝑛×𝑛 is a fuzzy square matrix defined over the finite set of alternatives 𝑋 =

{𝑥1, 𝑥2, … , 𝑥𝑛} and �̃�𝑝𝑞 = (𝑎𝑝𝑞1, 𝑎𝑝𝑞2, 𝑎𝑝𝑞3, 𝑎𝑝𝑞4) denote positive TrFNs If the following conditions satisfied, the 

matrix �̃� = (�̃�𝑝𝑞)𝑛×𝑛 is called a multiplicative trapezoidal fuzzy matrix (MTrF):  

 {
𝑎𝑝𝑞1 × 𝑎𝑝𝑞4 = 𝑎𝑝𝑞2 × 𝑎𝑝𝑞3 = 𝑎𝑝𝑞3 × 𝑎𝑝𝑞2 = 𝑎𝑝𝑞4 × 𝑎𝑝𝑞1 = 1, 𝑝, 𝑞 = 1,2, … , 𝑛, 𝑝 ≠ 𝑞,

�̃�𝑝𝑝 = (1,1,1,1), 𝑝 = 1,2, … , 𝑛.
 (6) 

  

 where �̃�𝑝𝑞 = (𝑎𝑝𝑞1, 𝑎𝑝𝑞2, 𝑎𝑝𝑞3, 𝑎𝑝𝑞4), is the positive trapezoidal number denoting fuzzy degree of 

alternative 𝑥𝑝 over 𝑥𝑞  ∀𝑝, 𝑞 = 1,2, . . . 𝑛  

 

4. Intuitionistic fuzzy trapezoidal preference relation[14,30] 

Let 𝐿 = (𝑙𝑝𝑞)𝑛×𝑛 represent a FPR on finite set of alternatives 𝑙 = (𝑙1, 𝑙2, … , 𝑙𝑛). For any 𝑝, 𝑞 = 1,2, … , 𝑛, 

𝑙 satisfies the following conditions:  

 

𝑎𝑝𝑞 + 𝑑𝑞𝑝 = 𝑑𝑝𝑞 + 𝑎𝑞𝑝 = 𝑏𝑝𝑞 + 𝑐𝑞𝑝 = 𝑐𝑝𝑞 + 𝑏𝑞𝑝 = 1,

𝑎𝑝𝑞 ≤ 𝑏𝑝𝑞 ≤ 𝑐𝑝𝑞 ≤ 𝑑𝑝𝑞 ,

𝑎𝑝𝑝 = 𝑏𝑝𝑝 = 𝑐𝑝𝑝 = 𝑑𝑝𝑝 = 0.5,

𝜒𝑝𝑞 , 𝜓𝑝𝑞 ∈ [0,1],    𝜒𝑝𝑞 + 𝜓𝑝𝑞 ≤ 1,

𝜒𝑝𝑞 = 𝜒𝑞𝑝 ,    𝜓𝑝𝑞 = 𝜓𝑞𝑝,    𝜒𝑝𝑝 = 1,    𝜓𝑝𝑝 = 0.5.

 (7) 

 It is thus possible to define an IFTrPR [14,26,30] as 𝑙𝑝𝑞 = ([𝑎𝑝𝑞 , 𝑏𝑝𝑞 , 𝑐𝑝𝑞 , 𝑑𝑝𝑞]; 𝜒𝑝𝑞 , 𝜓𝑝𝑞) for all 𝑝, 𝑞 =

1,2, … , 𝑛 where 𝜒𝑝𝑞  point at the degree of indeterminacy is denoted as 𝜋𝑝𝑞 which is also equal to 1 − 𝜒𝑝𝑞 −

𝜓𝑝𝑞. The IFTrPR enables generating a refined description of preferences that reflect human judgments, which 

are typically uncertain and vague.  

4.1. Consistency of Intuitionistic fuzzy trapezoidal prference relations 

 Definition 4.1 Let 𝐿 = (𝑙𝑝𝑞)𝑛×𝑛 be an IFTrPR characterized by 𝑙𝑝𝑞 = ([𝑎𝑝𝑞 , 𝑏𝑝𝑞 , 𝑐𝑝𝑞 , 𝑑𝑝𝑞]; 𝜁𝑝𝑞 , 𝜂𝑝𝑞). If for 

any 𝑝, 𝑞 = 1,2, … , 𝑛 there exists:  

 𝑎𝑝𝑞 + 𝑑𝑝𝑞 + 𝑎𝑘𝑝 + 𝑑𝑘𝑝 + 𝑎𝑞𝑘 + 𝑑𝑞𝑘 ≈ 3 (8) 

  

 𝑏𝑝𝑞 + 𝑐𝑝𝑞 + 𝑏𝑘𝑝 + 𝑐𝑘𝑝 + 𝑏𝑞𝑘 + 𝑐𝑞𝑘 ≈ 3 (9) 
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 𝜒𝑝𝑞𝜒𝑞𝑘𝜒𝑘𝑝𝜓𝑞𝑝𝜓𝑘𝑞𝜓𝑝𝑘 = 𝜒𝑞𝑝𝜒𝑘𝑞𝜒𝑝𝑘𝜓𝑝𝑞𝜓𝑞𝑘𝜓𝑘𝑝 (10) 

 Then 𝑍 = (𝑧𝑝𝑞)𝑛×𝑛 is called a consistent IFTrFPR.  

  

4.2. Hamming Distance[19,20] 

 Definition 4.2 Let 𝑙𝑝𝑞1  = ([𝑎𝑝𝑞1, 𝑏𝑝𝑞1, 𝑐𝑝𝑞1, 𝑑𝑝𝑞1]; 𝜒𝑝𝑞1, 𝜓𝑝𝑞1)  and 𝑙𝑝𝑞2  = 

([𝑎𝑝𝑞2, 𝑏𝑝𝑞2, 𝑐𝑝𝑞2, 𝑑𝑝𝑞2]; 𝜒𝑝𝑞2, 𝜓𝑝𝑞2) be two IFTrPNs. Then normalized Hamming distance between 𝑙𝑝𝑞1 and 𝑙𝑝𝑞2 is 

defined as:  

 

𝑑𝑝𝑞 = 𝑑(𝑙𝑝𝑞1, 𝑙𝑝𝑞2) =
1

8
(|(1 + 𝜒𝑝𝑞1 − 𝜓𝑝𝑞1)𝑎𝑝𝑞1 − (1 + 𝜒𝑝𝑞2 − 𝜓𝑝𝑞2)𝑎𝑝𝑞2|

+|(1 + 𝜒𝑝𝑞1 − 𝜓𝑝𝑞1)𝑏𝑝𝑞1 − (1 + 𝜒𝑝𝑞2 − 𝜓𝑝𝑞2)𝑏𝑝𝑞2|

+|(1 + 𝜒𝑝𝑞1 − 𝜓𝑝𝑞1)𝑐𝑝𝑞1 − (1 + 𝜒𝑝𝑞2 − 𝜓𝑝𝑞2)𝑐𝑝𝑞2|

+|(1 + 𝜒𝑝𝑞1 − 𝜓𝑝𝑞1)𝑑𝑝𝑞1 − (1 + 𝜒𝑝𝑞2 − 𝜓𝑝𝑞2)𝑑𝑝𝑞2|)

 (11) 

 For Ideal solution  

 

𝑑𝑝𝑞
+ = 𝑑(𝑙𝑝𝑞

+ , 𝑙𝑞
+) =

1

8
(|(1 + 𝜒𝑝𝑞 − 𝜓𝑝𝑞1)𝑧𝑝𝑞

1 − (1 + 𝜒𝑞 − 𝜓𝑞)𝑧𝑞
+|

+|(1 + 𝜒𝑝𝑞 − 𝜓𝑝𝑞)𝑧𝑝𝑞
2 − (1 + 𝜒𝑞 − 𝜓𝑞)𝑧𝑞

+|

+|(1 + 𝜒𝑝𝑞 − 𝜓𝑝𝑞)𝑧𝑝𝑞
3 − (1 + 𝜒𝑞 − 𝜓𝑞)𝑧𝑞

+|

+|(1 + 𝜒𝑝𝑞 − 𝜓𝑝𝑞)𝑧𝑝𝑞
4 − (1 + 𝜒𝑞 − 𝜓𝑞)𝑧𝑞

+|)

 (12) 

  

this For Anti-Ideal solution  

 

𝑑𝑝𝑞
− = 𝑑(𝑙𝑝𝑞 , 𝑙𝑞

−) =
1

8
(|(1 + 𝜒𝑝𝑞 − 𝜓𝑝𝑞)𝑧𝑝𝑞

1 − (1 − 𝜒𝑞
− −𝜓𝑞

−)𝑧𝑞
1−|

+|(1 + 𝜒𝑝𝑞 − 𝜓𝑝𝑞)𝑧𝑝𝑞
2 − (1 − 𝜒𝑞

− − 𝜓𝑞
−)𝑧𝑞

2−|

+|(1 + 𝜒𝑝𝑞 − 𝜓𝑝𝑞)𝑧𝑝𝑞
3 − (1 − 𝜒𝑞

− − 𝜓𝑞
−)𝑧𝑞

3−|

+|(1 + 𝜒𝑝𝑞 − 𝜓𝑝𝑞)𝑧𝑝𝑞
4 − (1 − 𝜒𝑞

− − 𝜓𝑞
−)𝑧𝑞

4−|)

 (13) 

4.3. A priority weight derivation procedure with intuitionistic fuzzy trapezoidal preference relation 

 In new real world decision making contexts, the priority weight derivation method ITrFPR as 

introduced in [14] enables a DM to determine an IFTrPR that may not be fully consistent. To this end, the 

difference matrix 𝐷 = (𝑑𝑝𝑞)𝑛×𝑛, derived from the deviation between the judgement matrix 𝐿 = (𝑙𝑝𝑞)𝑛×𝑛 and 

the consistent IFTrPR �̃� = (𝑙𝑝𝑞)𝑛×𝑛, is used to measure inconsistency. These matrices’ elements are presented 

as 𝑙𝑝𝑞 = ([𝑎𝑝𝑞 , 𝑏𝑝𝑞 , 𝑐𝑝𝑞 , 𝑑𝑝𝑞]; 𝜁𝑝𝑞 , 𝜂𝑝𝑞). 

A priority weight derivation [14] procedure ITrFPR in a real decision-making process allows a DM to 

provide an IFTrPR that may not satisfy complete consistency. In such cases, the deviation between given 

judgment matrix 𝐿 = (𝑙𝑝𝑞)𝑛×𝑛  and the consistent IFTrPR �̃� = (𝑙𝑝𝑞)𝑛×𝑛  is used to represent the difference. 

Elements in 𝐿 = (𝑙𝑝𝑞)𝑛×𝑛 and �̃� = (𝑙𝑝𝑞)𝑛×𝑛 are expressed as 𝑙𝑝𝑞 = ([𝑎𝑝𝑞 , 𝑏𝑝𝑞 , 𝑐𝑝𝑞 , 𝑑𝑝𝑞]; 𝜒𝑝𝑞 , 𝜓𝑝𝑞). 

 

𝑙𝑝𝑞 = ([�̃�𝑝𝑞 , �̃�𝑝𝑞 , �̃�𝑝𝑞 , �̃�𝑝𝑞]; 𝜒𝑝𝑞 , �̃�𝑝𝑞)

= ([
𝛾

2
(𝑤𝑝

𝑎 − 𝑤𝑞
𝑑) + 0.5,

𝛾

2
(𝑤𝑝

𝑏 − 𝑤𝑞
𝑐) + 0.5,     

𝛾

2
(𝑤𝑝

𝑐 −𝑤𝑞
𝑏) + 0.5,

𝛾

2
(𝑤𝑝

𝑑 − 𝑤𝑞
𝑎) + 0.5] , 𝜒𝑝𝑞 , ψ𝑝𝑞)).

 

Where:  

 𝜒𝑝𝑞 =
2𝑤𝑝

𝜒

(𝑤𝑝
𝜒
−𝑤𝑝

𝜓
)+𝜆(𝑤𝑞

𝜒
−𝑤𝑞

𝜓
)+𝜆+1

,     

 

 �̃�𝑝𝑞 =
2𝜆𝑤𝑞

𝜒

(𝑤𝑝
𝜒
−𝑤𝑝

𝜓
)+𝜆(𝑤𝑞

𝜒
−𝑤𝑞

𝜓
)+𝜆+1

. 

The deviation is shown as: 
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𝑑𝑝𝑞
𝑎 =

𝛾

2
(𝑤𝑝

𝑎 − 𝑤𝑞
𝑑) + 0.5 − 𝑎𝑝𝑞 , 𝑝, 𝑞 = 1,2, … , 𝑛;   𝑝 ≠ 𝑞,

𝑑𝑝𝑞
𝑏 =

𝛾

2
(𝑤𝑝

𝑏 − 𝑤𝑞
𝑐) + 0.5 − 𝑏𝑝𝑞 , 𝑝, 𝑞 = 1,2, … , 𝑛;   𝑝 ≠ 𝑞,

𝑑𝑝𝑞
𝑐 =

𝛾

2
(𝑤𝑝

𝑐 −𝑤𝑞
𝑏) + 0.5 − 𝑐𝑝𝑞 , 𝑝, 𝑞 = 1,2, … , 𝑛;   𝑝 ≠ 𝑞,

𝑑𝑝𝑞
𝑑 =

𝛾

2
(𝑤𝑝

𝑑 − 𝑤𝑞
𝑎) + 0.5 − 𝑑𝑝𝑞 , 𝑝, 𝑞 = 1,2, … , 𝑛;   𝑝 ≠ 𝑞.

 

 

 �̃�𝑝𝑞 =
2𝑤𝑝

𝜒

(𝑤𝑝
𝜒
−𝑤𝑝

𝜓
)+𝜆(𝑤𝑞

𝜒
−𝑤𝑞

𝜓
)+𝜆+1

− 𝜒𝑝𝑞 ,     

 

 𝛽𝑝𝑞 =
2𝜆𝑤𝑞

𝜒

(𝑤𝑝
𝜒
−𝑤𝑝

𝜓
)+𝜆(𝑤𝑞

𝜒
−𝑤𝑞

𝜓
)+𝜆+1

− 𝜓𝑝𝑞 . 

The smaller the absolute deviation, the higher the consistency of IFTrPR. Thus, a fractional programming 

model is constructed as follows: 

 

 

Model1:    min𝑍 = ∑𝑛𝑖=1 ∑
𝑛
𝑙=𝑘+1 ( 𝑑𝑘𝑙

𝑔+
+ 𝑑𝑘𝑙

𝑔−
+ 𝑑𝑘𝑙

ℎ+ + 𝑑𝑘𝑙
ℎ− +

𝑑𝑘𝑙
𝑖+ + 𝑑𝑘𝑙

𝑖− + 𝑑𝑘𝑙
𝑗+
+ 𝑑𝑘𝑙

𝑗−
+

𝛼𝑘𝑙
+ + 𝛼𝑘𝑙

− + 𝛽𝑘𝑙
+ + 𝛽𝑘𝑙

− )

 (14) 

Subject to 

 
 

By solving this model, the intuitionistic fuzzy trapezoidal weight 𝑤 = (𝑤1, 𝑤2, … , 𝑤𝑛) can be derived, where 

each 𝑤𝑝 = ([𝑤𝑝
𝑎 , 𝑤𝑝

𝑏 , 𝑤𝑝
𝑐 , 𝑤𝑝

𝑑]; 𝑤𝑝
𝜒
, 𝑤𝑝

𝜓
). If the optimal objective value 𝑍 equals 0, the original 𝐿 = (𝑙𝑝𝑞)𝑛×𝑛 is 

consistent. 

4.4. TOPSIS Method: Technique for order preference by similarity to the Ideal Solution 

 TOPSIS [9,29] is a multi-criteria Decision Making (DM) technique used to assist the decision makers for 

ranking alternatives from a set of solutions depending on several attributes and for assigning which of the 

available options is ‘nearest’ to the ideal solution. It is most advantageous where one comes across conflicting 

criterion stems from the decision, since it returns the totally rational value of compromise distance in the 

optimization of the solution space when measured using the geometric mean of the distance from the ideal 

solution solution and the anti-ideal solution. TOPSIS is considered as one of the best methods of multi criteria 
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Decision Making. This measure has been proposed by Hwang and Yoon in 1981[11] and family of measures 

assumes that the smallest distance to the PIS and the greatest distance to the NIS should identify the best 

compromise solution. The PIS illustrates an example of a solution that provides benefits that meets definite 

maximum criteria while the NIS illustrates the same solution that provides costs that meet definite minimum 

criteria. The evaluation and ranking of the decision-making alternatives based on the relative proximity of the 

positive ideal solution in decision-making process makes TOPSIS a simple, efficient and practical tool in 

multitude of applications. 

TOPSIS method is powerful in the field of practical applications of the multiple criteria decision 

making. Some notable applications include: The areas of application comprise the supply chain management 

and storeroom management of a hospital, equipment and treatment, production and construction engineering, 

environmental assessment, and financial and economic assessment. It might be important to notice that TOPSIS 

is applied widely and provides sufficiently good solutions for decision making in many fields. It is easy to 

understand, reasoned and easy to compute, that’s why it is quite popular among practitioners as well as 

researchers. 

TOPSIS method in its essence deals with the identification of an alternative which has minimum 

geometric distance from the ideal solution and maximum distance from anti-ideal solution. This approach can 

be applied practically in most areas of practice including but not limited to supply chain management, health 

care, engineering and among others. 

Below is the step-by-step process of the TOPSIS method: 

Step 1: Define the Decision Matrix 

 The decision matrix reflects quantitative performance of 𝑚  compromises ( 𝐴1, 𝐴2, … , 𝐴𝑚 ) with 

reference to 𝑛 attributes (𝐶1, 𝐶2, … , 𝐶𝑛). The decision matrix is structured as follows:  

 𝐷 = [

𝑥11 𝑥12 … 𝑥1𝑛
𝑥21 𝑥22 … 𝑥2𝑛
⋮ ⋮ ⋱ ⋮
𝑥𝑚1 𝑥𝑚2 … 𝑥𝑚𝑛

] 

where 𝑥𝑖𝑗  represents the performance of alternative 𝐴𝑖 under criterion 𝐶𝑗. 

Step 2: Normalize the Decision Matrix 

 To eliminate the influence of different units, the decision matrix is normalized using the following 

formula:  

 𝑟𝑝𝑞 =
𝑥𝑝𝑞−min(𝑥𝑝𝑞)

max(𝑥𝑝𝑞)−min(𝑥𝑝𝑞)
 (15) 

where 𝑟𝑝𝑞 is the normalized value of 𝑥𝑝𝑞. This step ensures that all criteria values are dimensionless and 

comparable. 

Step 3: Calculate the Weighted Normalized Decision Matrix 

 The weighted normalized decision matrix is obtained by multiplying each normalized value by the 

corresponding weight of the criterion:  

 𝑣𝑝𝑞 = 𝑤𝑞 ⋅ 𝑟𝑝𝑞 (16) 

 where 𝑣𝑝𝑞  is the weighted normalized value, 𝑤𝑞  is the weight of criterion 𝑞, and 𝑟𝑝𝑞  is the normalized 

value. 

Step 4: Determine the Ideal and Anti-Ideal Solutions 

 The ideal solution (𝐴+) represents the best values for each criterion, and the anti-ideal solution (𝐴−) 

represents the worst values: 

 

 𝐴+ = [𝑣1
+, 𝑣2

+, … , 𝑣𝑛
+];𝑚𝑎𝑥(𝜒+),𝑚𝑖𝑛(𝜓+) (17) 

  

 𝐴− = [𝑣1
−, 𝑣2

−, … , 𝑣𝑛
−];𝑚𝑖𝑛(𝜒−),𝑚𝑎𝑥(𝜓

−) (18) 

 where: 𝑣𝑗
+ = max(𝑣𝑝𝑞)  for benefit criteria, and  𝑣𝑞

− = min(𝑣𝑝𝑞)  for cost criteria.  

Step 5: Compute the Distance to Ideal and Anti-Ideal Solutions 

 The distance of each alternative from the ideal (𝐷𝑖
+) and anti-ideal (𝐷𝑖

−) solutions are calculated as 
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follows:  

 𝐷𝑝
+ = √∑𝑛𝑞=1 (𝑣𝑝𝑞 − 𝑣𝑞

+)2, (19) 

  

 𝐷𝑝
− = √∑𝑛𝑞=1 (𝑣𝑝𝑞 − 𝑣𝑞

−)2 (20) 

  

Step 6: Calculate the Relative Closeness to Ideal Solution 

 The relative closeness of each alternative to ideal solution is given by:  

 𝑅𝑝 =
𝐷𝑝
−

𝐷𝑝
++𝐷𝑞

− (21) 

 where 𝑅𝑝  is relative closeness of alternative 𝐴𝑝  to ideal solution. A higher value 𝑅𝑝  indicates greater 

closeness to the ideal solution.  

Step 7: Rank the Alternatives 

 Finally, the alternatives are ranked based on their relative closeness values (𝑅𝑝). The alternative with 

the highest 𝑅𝑝 value is considered the best choice. 

 

5. An approach to decision making based on Intuitionistic fuzzy trapezoidal preference relation 

To find the ranking of IFTrPR by using a technique for order preference by similarity to the ideal 

solution (TOPSIS)  

5.1. Algorithim 

• 1:Develop a decision matrix based on IFTrPR .  

• 2:Determine the priority-weighted vector.  

• 3:Computed the weighted normalized decision matrix.  

• 4:For,it is necessary to find what is optimal and what is optimal to avoid.  

• 5:Determine the distance to ideal and anti-ideal solutions  

• 6:Choose number for the measure of relative closeness.  

• 7:Rank the alternatives.  

5.2. Medical Scenario Example 

 A public health department in a city is required to mitigate an outbreak of a communicable illness. 

This outbreak is threatening to human life, increases a burden to health centers, and requires immediate action 

and prevention. To address this problem, this department must examine several elements to develop an 

efficient countermeasure plan. The decision-making process is based on three main components, represented 

by (𝑌𝑝 = (𝑦1, 𝑦2, 𝑦3): 

 

• 𝑦1 = contagion control measures (e.g, vaccination, quarantine), 

• 𝑦2 = Healthcare physical assets, Health facility, Health products and equipment. 

• 𝑦3 = community awareness and support programs have been eliminated.  

 

 Step(1): Construct a decision matrix according to IFTrPR matrix. 

 

𝑋 =

[
 
 
 
 
(

([0.5,0.5,0.5,0.5]; 1,0)

([0.7,0.8,0.9,1.0]; 0.7,0.3

([0.2,0.5,0.6,0.9]; 0.9,0.0
)(

([0.0,0.1,0.2,0.3]; 0.3,0.7

([0.5,0.5,0.5,0.5]; 1,0)

([0.1,0.3,0.5,0.6]: 0.1,0.2
)(

([0.1,0.4,0.5,0.8]; 0.9,0.0)

([0.4,0.5,0.7,0.9]; 0.2,0.1)

([0.5,0.5,0.5,0.5]; 1,0)
)

]
 
 
 
 

 

The graphical representation of intuitionistic fuzzy trapezoidal preference numbers are shown in fig (1)and fig 

(2).  
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Figure 2. An Intuitionistic fuzzy trapezoidal numbers 

 

 
Figure 3. An Intuitionistic fuzzy trapezoidal numbers 

   

Step(2): To find the priority weight vector by using Model(1) 

Then we get weights 𝑊1 = ([0.13,0.24,0.40,0.15]; 0.29,0.70) 
𝑊2 = ([0.86,0.86,0.94,0.97]; 0.64,0.29) 
𝑊3 = ([0.00,0.48,0.53,1.00]; 0.00,0.93) 

Step(3): Calculate weight decision matrix 

calculate weight decision matrix by using equation(12) then we get  

 

[
 
 
 
 
 
 
 
 
 
 
 
(

([0.65,0.12,0.2,0.075]; 1,0)

([0.60,0.67,0.85,0.9]; 0.45,0.50)

([0.00,024,0.32,0.9]; 0.0,0.99)
)

(

([0.00,0.02,0.08,0.04]; 0.19,0.91)

([0.43,0.43,0.47,0.48]; 1,0)

([0.00,0.14,0.26,0.6]; 0.0,0.94)
)

(

([0.01,0.09,0.2,0.12]; 0.26,0)

([0.34,0.34,0.67,0.87]; 0.13,0.36)

([0.0,0.24,0.265,0.5]; 0,0)
)

]
 
 
 
 
 
 
 
 
 
 
 

 

Step(4): Determine the ideal and anti- ideal solutions 
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we analyze the ideal and anti ideal solutions by using eq(13) and eq(14). then we get 

𝐴+=([0.60,0.67,0.85,0.9]; 0.45,0),([0.43,0.43,0.47,0.6]; 0.64,0), ([0.34,0.43,0.67,0.87]; 0.26,0) 

𝐴−=([0.00,0.12,0.2,0.075]; 0.00,0.99),([0.00,0.02,0.08,0.04]; 0.0,0.94), 

([0.0,0.93,0.2,0.12]; 0.0,0.36). 

Step(5): Compute distance to ideal and anti ideal solution 

Now analyze distance to ideal and anti ideal solution from equation (11) and equation (12) then we 

get the distance  

 𝑑𝑝𝑞
+ = [

0.3514 0.39075 0.2976
0.18875 0.0246 0.1415
0.5456 0.38815 0.2388

] 

and  

 𝑑𝑝𝑞
− = [

0.1815 0.0038 0.0645
0.3573 0.37 0.1884
0.00049 0.0064 0.1149

] 

𝐷𝑝
+ =∑

𝑛

𝑗=1
𝑑𝑖𝑗
+  

𝐷𝑝
− =∑

𝑛

𝑗=1
𝑑𝑖𝑗
−  

𝐷1
+ = 1.0397, 𝐷2

+ = 0.35485, 𝐷3
+ = 1.17255. 

𝐷1
− = 0.2498, 𝐷2

− = 0.9157, 𝐷3
− = 0.12179. 

Step(6): Calculate the relative closeness 

Now we compute the relative closeness to the ideal solution by using equation (18). we find it 𝐶𝐶1 =

0.8064, 𝐶𝐶2 = 0.2973, 𝐶𝐶3 = 0.9059. 

Step(7) Rank the alternative 

We explore the ranking from relative closeness 𝑌3 is in the highest rank 𝑌3 > 𝑌1 > 𝑌2.  

 

6. Comparative analysis 

 A comparison was also conducted to determine how effective the proposed method of finding 

priority weight vectors was used in other research studies. In particular, the TOPSIS method and least 

deviation model are chosen as basic methods of comparison. In this study, the Technical advantage ranking 

Technique based on TOPSIS was used since it was observed to be quite strong in ranking decision alternatives 

based on the closeness to ideal solution being sought. In this case, the least deviation model which is non – 

optimization model was used to arrive at a priority weight vector that gives minimum deviations which in 

turn allow for sustaining and achieving the accuracy of the weight assignment process. The comparison made 

in the analysis of results obtained from the proposed technique with those two approaches exerted benefits in 

knowing the reliability and practicality of the proposed method, which provided clues on its ability to solve 

decision making problems under uncertainties. An approach to decision making based on TrPR priority weight 

vectors with other methods used in the literature. Particularly, the TOPSIS method and the least deviation 

model were selected as benchmark techniques. In this study, TOPSIS, a methodology that has been proven 

effective in ranking decision alternatives in terms of their closeness to the ideal solution was applied due to its 

strength in decision making. In contrast, the least deviation model, a non-optimization based method was 

solved to find the priority weight vector which gives minimum deviations and thus helps in sustaining and 

achieving accuracy of the weight assignment process. The analysis made in comparing the results of proposed 

method with these two approaches proved to be beneficial in determining it’s reliability and practicability, 

which gave indication of its effectiveness in handling decision making problems under uncertainties.  

An approach to decision making based on trapezoidal preference relation 

 Now find the ranking of TrFPR by using TOPSIS method   

    • 1:Construct a decision matrix according to TFPR matrix.  

    • 2:Calculate the priority weight vectors  
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    • 3:Calculate the weighted normalized decision matrix.  

    • 4:Determine the ideal and anti-ideal solution.  

    • 5:Calculate the distance to ideal and anti ideal solutions  

    • 6:Calculate the relative closeness.  

    • 7:Rank the alternatives.  

  

Example 

Step(1): To construct the matrix according to condition of TrFPR Matrix that is  

 [

[0.5,0.5,0.5,0.5] [0.3,0.4,0.6,0.7] [0.2,0.3,0.4,0.5]

[0.7,0.6,0.4,0.3] [0.5,0.5,0.5,0.5] [0.4,0.5,0.8,0.9]

[0.5,0.4,0.3,0.2] [0.9,0.8,0.5,0.4] [0.5,0.5,0.5,0.5]
] 

The graphical representation is shown in fig(4)  

 
Figure 4. Trapezoidal fuzzy preference numbers 

Step(2): To calculate weight vectors 

we compute the priority weight vectors by using least deviation model then we get 
𝑊1 = [0.40,0.62,0.62,0.32], 

𝑊2 = [0.40,0.99,0.99,0.56], 

𝑤3 = [0.15, ,0.15,0.34,0.31]. 

Step(3): Calculated the weighted decision matrix 

We get the weighted normalized decision matrix by using eq(14). we get  

 𝑣𝑝𝑞 = [

[0.2,0.31,0.31,0.16] [0.12,0.25,0.37,0.22] [0.08,0.19,0.25,0.16]

[0.28,0.59,0.39,0.17] [0.20,0.50,0.50,0.28] [0.16,0.50,0.80,0.50]

[0.08,0.06,0.10,0.06] [0.13,0.4,0.17,0.12] [0.075,0.075,0.17,0.155]
] 

Step(4): Determine the ideal and anti-ideal solutions 

we analyze the ideal and anti-ideal solutions by using equations (15) and (16) 𝐴+ =

([028,0.59,0.39,0.17]), ([0.20,0.50,0.50,0.28]), ([0.16,0.50,0.80,0.50])  

and 𝐴− = ([0.08,0.06,0.10,0.06]), ([0.12,0.25,0.17,0.12]), ([0.07,0.07,0.17,0.15]) 

Step(5): Calculate the distance to ideal and anti-ideal solutions 

We find the distance to ideal and anti-ideal solutions by utilizing the equations (17) and (18) 𝐷1
+ =

[0.47,0.66,0.40,0.12] 𝐷2
+ = [0.36,0.36,0.36,0.36] 𝐷3

+ = [0.44,0.80,0.67,0.23] 

and 
𝐷1
− = [0.16,0.26,0.33,0.16] 𝐷2

− = [0.23,0.68,0.84,0.45] 𝐷3
− = [0.08,0.25,0.13,0.08] 

Step(6): Calculate the relative closeness 

We calculate the relative closeness to ideal solutions by applying equation (18) 
𝐶𝐶1 = [1.68,0.90,0.43,0.19] 
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𝐶𝐶2 = [0.44,0.3,0.35,0.61] 
𝐶𝐶3 = [1.42,1,0.64,0.44] 

Step(7): Rank the alternatives 

We get the ranking through calculating relative closeness that is 𝑌3 > 𝑌1 > 𝑌2 

 
7. Conclusion 

The work here used Model (1) to deduce the priority weight vectors of IFTrPR, and the integration of the 

TOPSIS ranking method has provided an overall decision-making framework. The comparison was made by 

using the same TOPSIS ranking procedure on the TrFPR. Interestingly, the rankings were considerably similar 

between the intuitionistic fuzzy trapezoidal method and the trapezoidal fuzzy method. It is this consistency 

which confirms the effectiveness and applicability of the suggested Model (1) and the TOPSIS-based ranking 

method for solving DM problems with fuzzy and intuitionistic fuzzy contexts. The implications of these 

findings stress the contingency of the discussed approach in low-vagrant problem instances that call for fancy 

and accurate ranking under the uncertainty. 
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